
M O T I O N  O F  A L I Q U I D  IN A F R A C T U R E D  P O R O U S  

W I T H  U N S T E A D Y - S T A T E  F I L T R A T I O N  

S. N.  B a g i r - z a d e  a n d  G. P .  G u s e i n o v  

S T R A T U M  

UDC 622.276.038:532.5 

Papers  [1-4] are  devoted to investigation of the motion of a homogeneous liquid in a f rac tured  porous 
s t ra tum with uns teady-s ta te  filtration. In [3] a study was made of the motion of a homogeneous liquid to -  
ward a central  borehole f rom a round f rac tured  porous s t ra tum of infinite extension, and the conclusion 
was drawn that the curve of the re -es tab l i shment  (lowering) of the face p re s su re  of the borehole after shut- 
down (start-up) of the well is of a " two- layer"  charac ter .  Pape r  [4] is devoted to a substantiation of such 
a change in the re -es tab l i shment  (lowering) of the face p r e s s u r e  of the borehole. However, both in [3] and 
in [4] only approximate formulas  describing this p rocess  are  obtained. The present  paper  gives exact solu- 
t ions of the problems of the unsteady-s ta te  fil tration of a homogeneous liquid toward a central  borehole 
f rom round f rac tured  porous s t ra ta  in two charac te r i s t i c  cases:  when the medium has an impermeable  ex- 
ternal  boundary, and when the medium is unbounded in extension. The art icle presents  numerical  calcula-  
t ions which confirm the deduction that the curve of the re -es tab l i shment  (lowering) of the face p re s su re  of 
the borehole has a " two- layer"  charac te r  of the change in the case where the f rac tured  porous s t ra tum is 
unbounded in extension. In the case of a closed f rac tured  porous s tratum, the curve for the change with 
t ime of the face p r e s s u r e  of the borehole is always g rea te r  than that for a granular  medium. In the solution 
of the problems it is assumed that the output of the borehole,  which is ideal in charac te r  with respect  to the 
degree of opening, is constant over  the course  of the whole p rocess  of exploitation. 

In accordance with the theory  of the motion of a homogeneous liquid in a f rac tured  porous medium 
proposed in [1-3], solution of the problem posed reduces to integration of the sys tem of equations 

0~i~(i) -r 1 (1 - -  c0) ~ = ~ (~)(i) __ , l O )  (t = t ,  2) 

with the following initial and boundary conditions: 

~b~ i> (~, O) = ,~i)(~, O) = 0 (i = t, 2) (2) 

" - - ~ ) ~ = 1  = - -  i (i = t ,  2) (3 )  

-W-)~=~ = o (4) 

,~) (~, ~) = o 

Here  the following notation is adopted: 

2 k2h ~}0 (~, x) = n--~-~-[po--pji(~,~)] (i,,," = t, 2) 

m~z k~t 

= arb2 g-= r-L-, R - -  r---~ 
' r b 

(5) 
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where  a is a p a r a m e t e r  of the f r a c t u r e d  porous  medium,  cha rac t e r i z ing  the exchange of liquid between 
slightly p e r m e a b l e  blocks and f r ac tu r e s ;  P0 and p(~, ~) a r e  the initial and s imul taneous  p r e s s u r e s ,  r e s p e c -  
t ively;  m is the poros i ty ;  k and t3 a r e  the coeff icients  of pe rmeab i l i t y  and e las t ic  capaci ty;  ~ is the v i s c o s -  
ity; t is the t ime;  r,  rb, and r k a re  the instantaneous radius ,  the radius  of the borehole ,  and the radius  of 
the i m p e r m e a b l e  externa l  boundary of the s t ra tum.  The s u p e r s c r i p t s  1 and 2 in the functions of the p r e s -  
sure  c o r r e s p o n d  to media  which are  unbounded in extension and closed; and the subsc r ip t s  co r r e spond  to 
the sy s t ems  of blocks and f r a c t u r e s  of the medium. 

Applying a Laplace  t r a n s f o r m  with r e spec t  to the t ime  to sy s t ems  (1) and boundary conditions (3)-(5), 
and then e l iminat ing the function for  the lower ing  of the p r e s s u r e  in the sy s t em of blocks f r o m  the sys t em 
obtained, we can wr i t e  

~'~(~)~ ~ ~ ~'(~)~ s,~r ~) (~, s) = 0 (~ = ~, ~) (7) 

where  

s ,  = s i ~  (1 - ~) s + ~l [(1 - ~) s + ~1 -~ (8) 

s is the p a r a m e t e r  of the Laplace  t r a n s f o r m ,  and �9 (~, s) is a Laplace  t r a n s f o r m  of the function ~ (~, ~). 

The genera l  solution of Eqs. (7) has  the f o r m  [5, 6] 

~(~) (~, s) : Air o (~ ]/--~,) -}- B K o  (~ ] / ' ~ , )  ff = l, 2) (9) 

He re  I0(x ) and K0(x ) a re  Besse l  functions of ze ro  o rde r  with an imaginary  argument  of the f i r s t  and 
second kinds, r e spec t ive ly .  

Finding the in tegrat ion constants  A and B f r o m  boundary conditions (3) and (5) for  an infinite s t r a tum 
and (3), (4) for  a c losed s t r a tum,  to which a Lap lace  t r a n s f o r m  has p rev ious ly  been applied, the solutions 
of the p r o b l e m  can be r e p r e s e n t e d  in the f o r m  

~F~ (~) (~, s) = K0 (~ I f  ~-,) [s ] / ~ , g l  (]f~,)]-~ (10) 

'~i ~) (~, s) = ~ ~o (~ V ~ )  K~ (R V ~ )  + ~, (~ Vv , )  go (~ Vv , )  

Using the re la t ionship  f r o m  [5] 

(11) 

ov 

�9 2 

where  

u~ (~, R) = ]1 (~,~R) J '  (~) Yo ( ~ )  - :0 ( ~ )  v~ (~,j (13) 

the inverse transform of (ii), using the generalized Efros multiplication theorem [7], may be found in the 
form 

oo 

0 ~ l  
(14) 

where  

/ 
g (~, 0) = l 

fin a re  the  roo ts  of the equation 

0 

0 

0 a t  0 ~ 1 ~  

A ( ~ R )  Y1 (~n) - I1 ( ~ )  Y1 (~nR) = 0 

(15) 

(16) 
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J v  (x) and Yv (x) (v =0.1) a r e  Besse l  functions of a rea l  argument ,  of the f i r s t  and second o rde r  with r e spec t  
to  v, respec t ive ly .  

With ~ = 1, using the r e c u r r e n c e  fo rmula  [8] 

J1 (x) Yo (x) - -  Jo (x) Y1 (x) = 2 / nx  (17) 

the express ion  for  the lower ing of the p r e s s u r e  at the wall  of a borehole ,  for  a f r a c t u r e d  porous  s t ra tum 
with continuous r e m o v a l  of the liquid, can be r e p r e s e n t e d  in the f o r m  

~(2)(1 ,~)  ---- m ( B 2 - - t )  2 ~ ,  ~ t - - e x p  ~, e 

�9 / e a  oe 

0 n ~ l  

where  

Us (L B) = J~ (~B) [J~ (~B) - -  ] ~  (~)l -~ (19) 

Fo rmula  (18) may be cas t  into f o r m  convenient for  calculat ions if the cor responding  fo rmula  for  a 
g ranu la r  medium is used [5, 6] 

c~ 

~(~) (t, ~) ~-- 0.5R~4-__2Tt {- (4 In R --4 (R ~3)/~4__ +i) 22R2 4- l + 2 ~=t ~ '  ~-~Un (i, B) exp (-- ~n~) (20) 

In view of the fact  that  at the initial moment  of t i m e  (T =0) the lowering of the p r e s s u r e  at the face 
of the borehole  must  be equal to zero,  f rom (20) we can set  up the equality 

co 

[0.25 (4 In B -- 3) B e 4- 2R24- t (21) 

Taking account of (21), fo rmula  (18) is rewr i t t en  in the f o r m  

t~(~)(i,T) • 0.254-2~/COR 2 - t  + (41nR--3) B'4-2R24-tS(R ~ - t )  2 -{- 

+ 2  ~. ~-~u~ (l, R) exp ( -  ~ .~ /~ )  - 2  g(~,0) "R~- ~ ~ U. (l, R) exp ( -  ~,a) dO (22) 

Use of fo rmula  (22), which is an exact solution of the p rob lem for  a c losed s t ra tum,  for  any given 
moment  of t i m e  p e r m i t s  calculat ing the value of the lower ing of the face  p r e s s u r e  of a borehole  when ex-  
ploit ing a deposit  with f r a c t u r e d  porous  types  of co l lec to rs  and with continuous withdrawal  of liquid. 

It can be shown t h a t  with w = l ,  the t e r m  containing g(T, 0) r e v e r t s  to zero ,  and fo rmu la  (22) a s s u m e s  
the fo rm (20). The explanation of th is  is the fact  that,  with this value of the p a r a m e t e r  of the f r a c t u r e  
capaci ty  w, the s ta r t ing  s y s t e m  of equations also goes over  into the equation of p iezo-eonduct iv i ty  for  a 
g ranu la r  medium. 
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Making the  t r a n s i t i o n  as  be fo re  f r o m  the  t r a n s f o r m  to  the  i n v e r s e  t r a n s f o r m ,  an a c c u r a t e  solut ion to  
the  p r o b l e m  fo r  an infinite f r a c t u r e d  p o r o u s  s t r a t u m  can be found in the  f o r m  

~2 J J l  ~ (u) Jr Y12 (u) u a U2 ('t', 0) J1 ~ (u) + Y1 ~ (u) u 
0 0 0 

ff in (10) the  p a r a m e t e r  of the  t r a n s f o r m  s is a s s u m e d  to  be suff ic ient ly  l a rge ,  the quant i ty  X in the  
e x p r e s s i o n  fo r  S ,  can be neg lec ted  and, at sma l l  v a l u e s  of the t ime ,  the f o r m u l a  fo r  the  l ower ing  of the  face 
p r e s s u r e  a s s u m e s  the f o r m  

4 i i - -exp(- -u~v/~) :  du (24) r (i, ~) ~ ~ j ~  (~) + y ~  (~) ~ 
0 

E x p r e s s i o n  (24) d i f fe r s  f r o m  the  exact  f o r m u l a  fo r  a g r a n u l a r  med ium only by the  f a c t o r  w -1 with the  
exponent.  

It mus t  be noted that  in [3] a sympto t i c  so lu t ions  a r e  obta ined  t o t h e  p r o b l e m s  under  cons ide ra t ion ,  
which  a r e  appl icable  with suf f ic ien t ly  l a r g e  va lue s  of the t ime .  In th is  case ,  in f o r m u l a s  (10) and (11), the  
au thors  u sed  app rox i m a t e  e x p r e s s i o n s  fo r  the  Bes se l  funct ions  of an i m a g i n a r y  a rgument ,  which fac i l i t a ted  
the  t r a n s i t i o n  to  the i n v e r s e  t r a n s f o r m .  T h e s e  solut ions  have the f o r m  [3] 

,,1) (1, 0.5 {I,  �9 + 0.809 + [ - 

+ 0 .25  (R 2 - -  i )  -~ [ (4  i n  R - 3) R ~ + 2 R  ~ + 11 (26)  

E i ( - x )  is an in teg ra l  exponent ia l  funct ion [9]. 

[5, 6] 
With w = 1 o r  X -~ :o,  t he se  solut ions  go ove r  into the  c o r r e s p o n d i n g  f o r m u l a s  fo r  g r a n u l a r  med ia  

~(1) (t, z) [~=1 ~ 0.5 In v + 0.4045 (27) 

~(~) t t Tx i 0.5 Jr 2"~ (4 In R -- 3) R t + 2R 2 + ~ (28) 
2 ~ , ) 1 ~ = 1 ~  R 2 . i  + 4 ( R 2 - - i ) 2  - -  

F o r m u l a s  (20), (24), (27), and (28), e x p r e s s i n g  the  dependence  of the l o w e r i n g  of the  face  p r e s s u r e  on 
the  t i m e  fo r  g r a n u l a r  media ,  a r e  widely  known in u n d e r g r o u n d  p e t r o l e u m  h y d r o d y n a m i c s ,  and have been 
t abu la t ed  ove r  a suf f ic ient ly  wide  range  of change in the  t i m e  [5, 6]. Such dependences  a r e  p lo t ted  us ing  
so l id  l ines  on F i g s .  1 and 2 fo r  d i f ferent  depos i t s ,  fo r  which  the  i m p e r m e a b l e  ex te rna l  c o n t o u r s  a r e  equal to  
10 and 50 units  of the d i m e n s i o n l e s s  r ad ius  R. The  dot ted l ines  on t h e s e  f i g u r e s  c o r r e s p o n d  to  depos i t s  
with f r a c t u r e d  p o r o u s  t ypes  of c o l l e c t o r s  at the  same  va lues  of the rad ius  R. The  ca lcu la t ions  w e r e  made  
us ing  f o r m u l a s  (22) and (26) at oJ =0.1 fo r  both f i gu re s ,  and ;~ =5 �9 10 -3 and 5 �9 10 -~ fo r  Figs .  1 and 2, r e -  
spec t ive ly .  
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Curves 3 and 3 ' ,  being envelopes of the above-mentioned curves,  descr ibe the change with t ime of the 
face p r e s s u r e  for boreholes  in deposits of inifinite extension, with f rac tured  porous and granular  types of 
collector,  respect ively.  The segments of these curves  af ter  branching were  calculated using formulas  (23) 
and (25); the exact formulas  (22) and (23), corresponding to closed and infinite strata,  are  in good agree -  
meat. 

The resul ts  of calculations with different values of the p a r a m e t e r s  w and 2~ for an infinite s t ratum 
are  shown on Figs. 3 and 4 in semilogar i thmic  coordinates.  The curves  3' on these f igures cor respond to 
the same deposits as on Figs. 1 and 2. Curves 4 and5 differ b y t h e  value of the pa rame te r  w equal to 0.1 
and 0.01, respect ively.  The difference between Fig. 3 and4 consists  in values of the pa r ame te r  X equal 
to 5 �9 10 -s and 5 �9 10 -6, respect ively.  

Curves 4 and 5 (Figs,3 and 4) confirm the two- layer  charac te r  of the change in the curves  for  the 
lowering of the face p r e s s u r e  in boreholes  in a f rac tured  porous s tratum, with fixed values of the p a r a m -  
e ters  co and k. 

We note that, on the initial s t ra ight- l ine segment of curves  4 and 5 (Figs. 3 and 4) there  is agreement  
between the exact and asymptotic formulas  (23) and (25). 

F rom an analysis of the curves  of all the f igures presented,  the following conclusions may be drawn 
with respect  to the motion of a liquid toward a central  borehole in f rac ture  porous strata,  with unsteady-  
state fil tration: 

1) the lowering of the face p r e s s u r e  of a borehole in a f rac tured  s t ratum is g rea te r  than or  equal to 
the same value for a granular  s tratum, at an identical value of the t ime;  

2) a decrease  in the pa rame te r  of the f rac tu re  capacity co lowers  the face p re s su re  and, with an in- 
c r ease  in the t ime of exploitation, this lowering becomes equal to the lowering of the p r e s s u r e  in the case 
of a granular  medium, when both media are  unbounded in their  extension. Under these c i rcumstances ,  t he  
value of the pa r ame te r  ~ ,  charac ter iz ing  the degree of re tardat ion of the t r ans fe r  of liquid between the 
blocks and f r ac tu res  of the medium, exer ts  a considerable effect onthe equal izat iont ime (curves 3,4,  and5); 

3) the t ime dependence of the lowering of the f ree  p r e s s u r e  of a borehole in an infinite s t ra tum differs 
f rom the same value for a granular  medium by the quantity 

. _ . -  I. .1 - 

which reve r t s  to ze ro  with an increase  in the exploitation time. In the case of a closed stratum, the follow- 

ing relationship holds: 

~-: 2(i--co)= [ i - - e x p / -  --~z �9 I (1, - , I  = (t ,  ( = = -  L =) )1 (30) 

which, in distinction f rom the preceding, r eve r t s  to the constant 

2 (t --  ~)~ ~-1 (R~ __ 1)-1 

at those values of t ime  where 

exp ~ - - - - )  ~- 0 

In conclusion we note that the values of the functions entering Into the calculating formulas  were 
taken f rom [9-11]. 

L I T E R A T U R E  C I T E D  

1. G . I .  Barenblatt ,  Yu. P. Zheltov, and I. N. Kochina,"The basic concepts of the theory  of the filtration 
of homogeneous liquids in f rac tu red  rocks ,"  Prikl .  Mat. i Mekhan., 2__4_4, No. 5 (1960). 

2. G . I .  Barenblatt  and Yu. P. Zheltov, "The basic equations of the fi l tration of homogeneous liquids in 
f rac tured  rocks ,"  Dokl. Akad. Nauk SSSR, 132, No. 3 (1960). 

3. J . E .  Warren  and P. J.  Root, "The behavior of natural ly f rac tured  r e se rvo i r s , "  Soc. Petrol .  Engrs.  
Journal ,  3, No. 3 (1963). 

4. H. Kazemi, M. S. Seth, and G. W. Thomas,  "The interpretat ion of interference tes t s  in naturally f r a c -  
tu red  r e s e r v o i r s  with uniform f rac ture  distribution," Soc. Petrol .  Engrs.  Journal ,  9, No. 4 (1969). 

866 



5. A . F .  Van Everdingen and W. Hurst, "The application of the Laplace transformation to flow problems 
in reservoirs ,"  J. Petrol. Techn., 1, No. 2 (1949). 

6. N. Cristea, Hydraulica Subterana, Bueuresti, Ed. Technica, Vols. 1 and 2 [in Roumanian] (1958). 
7. M.A. Lavrent'ev andV. V. Shabat, Methods ofthe Theory and Functions of Complex Variables [in 

Russian], tzd. Fizmatgiz, Moscow (1958). 
8. G.N. Watson, The Theory of Bessel Functions [Russian translation], Vol. 1, Moscow. 
9. Tables of an Integral Exponential Function [in Russian], Izd. Akad. Nauk SSSR, Moscow (1954). 

10. B.I .  Segal and K. A. Semendyaev, Five-place Mathematical Tables [in Russian], Izd. Flzmatgiz, 
Moscow (1962). 

11. L .N.  Karamzina and l~. A. Chistova, Tables of Bessel Functions of an Imaginary Argument and Their 
Integrals [in Russian], Izd. AN SSSR, Moscow (1958). 

867 


